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Abstract

It is the purpose of this paper to introduce and discuss
the multi-beam-imaging (MBI) method for studying
lattice imperfections in high-voltage electron micros-
copy. The image contrast is compared with the theo-
retical contrast based on the many-beam dynamical
theory of electron diffraction; the effect of absorption
is included in the calculation. It is shown that the
nature of imperfections can be studied from only one
image taken by the MBI method instead of the bright-
and dark-field images that are generally used. Further,
the images of a thick crystal taken by the MBI method
become much brighter than the ordinary bright-field
and dark-field images. Finally, the technique is
applied to the characterization of stacking faults and
screw dislocations in thick regions observed in the
1 MeV electron microscope.

1. Introduction

There has been considerable interest in using high-
resolution electron microscopy to study the structure
of imperfections in crystals such as grain boundaries,
coherent twin boundaries, edge and screw disloca-
tions, intrinsic and extrinsic stacking faults, stacking-
fault tetrahedra, GP zone and impurity atoms. (See
also the review by Hashimoto & Takai, 1983.) These
observations are mostly confined to the relatively thin
crystals of about a few hundred dngstroms in thick-
ness. Since the properties of bulk materials are deter-
mined by the total contained imperfections, it is
preferable to study such imperfections in specimens
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with bulk properties. However, as shown theoretically
and experimentally for MgO (Hashimoto, Endoh,
Takai, Ajika, Tomita, Kuwabara & Hiraga, 1983;
Endoh & Hashimoto, 1984a, b), the atomic structure
images from thick crystals cannot be obtained even
though high-voltage microscopes capable of high res-
olution are used. It was shown that the atomic-struc-
ture image at 1 MeV of an MgO crystal with contrast
higher than say 20% can only be obtained if the
crystal is less than 3000 A thick and thus it is rather
difficult to observe the atomic structure image of bulk
specimens using the high-resolution technique.
Therefore, in order to study the lattice imperfections
in thick crystals the conventional bright-field and
dark-field imaging methods (Howie & Whelan, 1961;
Hashimoto, Howie & Whelan, 1960, 1962), the weak-
beam dark-field imaging method (Cockayne, Ray &
Whelan, 1969) and the bright-field imaging method
using a higher-order reflection (Osiecki & Thomas,
1971; Beseg, Jones & Smallman, 1971) are most
frequently employed in the study of dislocation
images in thick crystals.

At high voltage (>300kV), the Bragg angles of
scattered waves become small and in particular those
of low-order reflections become almost the same as
the optimum aperture angle for obtaining the atom
resolution image, it thus seems appropriate to investi-
gate the use of both primary and Bragg-reflected
waves within an aperture instead of using a small
aperture to take respective bright-field or dark-field
images. Even though the waves of low-order Bragg
reflections are included in the imaging, many higher-
order Bragg reflections that are excited at a high
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voltage are scattered outside the aperture and con-
tribute to the contrast of the images of imperfections.
This method has many attractive features for the study
of crystal-lattice imperfections and it will be referred
to as the multi-beam-imaging (MBI) method (Hash-
imoto, 1971; Hashimoto, Endoh, Kumao, Shiraishi
& Nishigori, 1974). This method is equivalent to
observing an atomic structure image but is limited by
the contrast variation of the background.

The present paper describes the details of the theory
of this method and its applications to the study of
the nature of lattice imperfections in both thin and
thick crystals.

2. Contrast theory of the images formed by the
multi-beam-imaging method

Since the intensity distribution of electron waves in
the image plane is formed by the interference of the
waves that are scattered in the crystal and then passed
through the objective aperture, it is necessary to know
the behavior of electron waves incident on the crystal
and the image-forming lens. In the present paper, the
wave-mechanical formulation [dispersion surface
representation by Bethe (1928)] and the wave-optical
formulation [column approximation by Howie &
Whelan (1961)] of the dynamical theory of electron
diffraction are used to discuss the behavior of electron
waves in crystals containing stacking faults and dis-
tortions around dislocations respectively.

The behavior of electron waves in an image-
forming lens is discussed by the image-formation
theory, which includes partial coherence (O’Keefe,
1979; Ishizuka, 1980). For simplicity, the wave func-
tion that is derived from the wave-mechanical theory
is used to indicate the main features of the theory of
the MBI method.

According to the wave-mechanical formulation the
wave function of electron waves that are Bragg reflec-
ted by a crystal with thickness z can be expressed by
the linear combination of Bloch waves as

¥,(2) =3 CY'CY exp 2miyVz) exp (—uPz), (1)
J

where C§’ and CY are the constant of linear combi-
nation and the gth component of the jth Bloch wave.
Y =k -~ K is the Z component of the difference
between the jth Bloch-wave vector and mean wave
vector. u is the absorption }')arameter of jth Bloch
wave. C§, CY, y9) and uY are dependent on the
Bragg reflecting condition for the incident wave,
whose wave vector in the crystal is designated as k.
The deviation parameter for the reciprocal-lattice vec-
tor can be expressed as

B, =-2k,.g+g>

When the systematic reflections are excited, (2a)

(2a)
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becomes

B,=—2kg+g*, (2b)

where k, is the x component parallel to g.

In the MBI method, some Bragg-reflected waves
¥,(z) are included in the aperture of the imaging
lens together with the primary wave ¥y(z) and con-
tribute to the image contrast. These waves interfere
with each other at the image plane, and this implies
that, to calculate the image contrast, parameters that
are related to the coherence of the electron waves
such as beam divergence Aa, chromatic defocus
values A (= C,AE/E, where C,, is the chromatic
aberration coefficient and AE/E is the fluctuation of
electron energy and lens current) must be taken into
account as well as the spherical aberration coefficient
C; and defocus 4f. The image intensity thus obtained
is given by (Ishizuka, 1980)

I(N =% T(g"g) ¥p(2) ¥1(2)

xexp {2wi(g"—g')r}, (3)

where T(g"g’) is the transmission cross coefficient,
which is a complex function of Aa, A, Af and C,. Let
us consider a crystal in a systematic reflection posi-
tion, where the reflections 000, 00g;, 00g,, 00g,, ...,
00g3, 00g5, 00gs, ... are excited. If only three waves
000, 00g, and 00g7 pass through the aperture as shown
in Fig. 1, the image intensity given in (3) becomes

I(r) =|¥o(2)]* +| ¥ (2)]

+ (2P +A(r) + A*(r), (4)
where
A(r)=T(0, g,) ¥o(z) ¥§(2) exp (2migr)
+ T(0, g7) ¥o(2) ¥ 5(z) exp (—2rigr)
+ T(81, 81) ¥, (2) ¥ 1(2) exp (4mrigr).  (5)

In this case, (2) becomes
By=0, Bg,=(g —2k)g and Bgi=(gi+2k.)gs.
In the general case, since Aa and A are of the order

AN ORO LR

Fig. 1. Schematic illustration of systematic reflection. ..., g3, g7,
0, gy, 82, 8,.-. reflections are excited. Lens aperture for the
MBI method is shown by two large circles including 0, g; and
gi, 0, g,. Bright-field and dark-field images are formed by only
0 or g, reflection using the small aperture shown by the small
two circles.
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of 1073rad and 200 A, respectively, the first and
second terms in (5) become of the order of 1072 of
I(r) and can be disregarded. Equation (4), thus,
becomes

I(r)=|Po(2)+| ¥, (2) +| ¥, (2)]
+2T(g, 87)| W, (2) ¥oi(2)| cos (4gr).  (6)

This equation represents the intensity distribution of
the image under MBI conditions. The fourth term
gives periodic intensity with the period 1/2g=d/2,
where d is the lattice spacing. The periodic structure
corresponding to the fourth term can only be recorded
in the image plane with appreciable contrast if the
resolution and the magnification of the image are
sufficient to resolve the fringe spacing of d/2 and the
defocus Af is sufficient to reveal the fringe with high
contrast. As described already in the case of MgO
imaged at 1 MeV, the contrast of the image corre-
sponding to the fourth term of (6) becomes smaller
than 20% when the thickness becomes larger than
3000 A and fringes cannot be detected. The intensity
of the images taken with the MBI method can be
obtained from the first three terms of (6):

IM(r):|W0(2)|2+|ng(z)|2+|lpgi(z)|2’ (7)

where bright-field Iz(r) and dark-field I5(r) images
are expressed as

Ig(r)=|WPo(2)f €))]
In(r)=|¥(2)]%, 9)

Since the images taken by the MBI method are
formed with a large objective aperture, not only
Bragg-reflected waves but also diffusely scattered
waves around the Bragg spots contribute to the
images. The effect of this is discussed below. The
diffuse scattering consists of elastically scattered elec-
trons from lattice imperfections and inelastically scat-
tered electrons. The elastic part of the diffuse scatter-
ing is significant in relatively thin crystals in which
lattice images can be observed but in thick crystals
the inelastic part is dominant. On account of low
coherency between Bragg-reflected waves and
diffusely scattered waves and among each diffusely
scattered waves, the image contrast formed by the
interference of these waves is very low. Since these
images are superimposed to give the images expressed
by (7), the contrast of the multi-beam images
decreases. This tendency is supposed to increase with
increasing the crystal thickness. The contrast of the
image, which is formed by only the diffusely scattered
electrons adjacent to the primary and Bragg-reflection
spot, becomes close to that obtained with the usual
single primary and Bragg-reflection spot (Kamiya &
Uyeda, 1961; Howie, 1963; Hashimoto, 1974). Thus
the intensity of the images taken by the MBI method
using a large aperture is proportional to and can be
expressed as (7).

g#0.

MULTI-BEAM IMAGING

3. Theoretical intensity profiles of the images

Theoretical intensity distribution of the bright-field,
dark-field and multi-beam images of perfect crystals
and crystals containing lattice imperfections have
been calculated by using (8), (9) and (7). In the
calculations, the following values are used. Real parts
of the crystal potential V, are from the Smith-Burge
expressions (Smith & Burge, 1962). Imaginary parts
of crystal potentials V; are from the values derived
by Humphreys & Hirsch (1968). The Debye-Waller
factor M,(T) is for 300 K.

3.1. Wedge-shaped bent crystals

Intensity distributions in 1 MeV electron-micro-
scope images of a wedge-shaped bent aluminum crys-
tal in 111 systematic orientation have been calculated
for bright-field and multi-beam conditions. These are
illustrated in Figs. 2(a) and (b), respectively. It is
seen in Fig. 2(a) that the contrast of the image changes

u: m ot';o ﬁ! 4a4 222 o000 332
(a) (b)

Fig. 2. Images of a wedge-shaped bent aluminum crystal in 111
systematic orientation. The thickness changes from 0 to 12¢,,,.
Orientation changes from the 444 Bragg reflecting position to

the 222 position. (a) Bright-field image formed by using only

the 000 wave. (b) An image formed by using 000, 111 and 111
waves (MBI method). 1 MeV, &,,,=955A. Nine systematic

waves (444, ..., 111,0, 111, 222) are excited.
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strongly with the change of thickness and Bragg
reflecting condition. The image formed by using 111,
000 and 111 (Fig. 2b) shows rather smooth contrast
in the region between 111 and 111 Bragg reflecting
positions. The regions in the exact 444, 333, 222 and
222 Bragg positions show similar contrast to that
shown in Fig. 2(a).

The results demonstrated above suggest that the
contrast variation of the image of the perfect region
taken by the MBI method is never great even if the
thickness changes very strongly and strong Bragg
reflections are excited. This lack of variation in the
background contrast enables easy detection of lattice
imperfections and correct interpretation of their
images.

3.2. Stacking faults

The intensity profiles of the images of stacking
faults with the opposite sign of the displacement
vectors are calculated and shown in Fig. 3. It is
assumed that 100kV electrons excite two waves of
000 and 220 reflections in the crystal, whose thickness
is 7-25&,50, where £53 is 416 A at 100 kV. The value
of a@=27ngR, which determines the nature of the
stacking fault, and it is assumed to be +27/3 and
—2ar/3 for intrinsic and extrinsic types of stacking
fault, respectively. In Figs. 3(a) and (b), thin full,
broken and thick full lines show the intensity profiles

. of bright-field, 220 dark-field and multi-beam images
formed by 000 and 220 reflections, respectively. The
left- and right-hand sides of the figures correspond
to the bottom and top surfaces of the crystal, respec-
tively. Both bright- and dark-field images of the stack-
ing fault at the top of the “crystal consist of bright
fringes at @ =+2m/3 and dark fringes at & = —27/3
as shown in Fig. 3. The nature of the stacking fault
can be determined from the electron micrographs, by
knowing the nature of inclination, top and bottom
ends of the fault and the direction of Bragg reflection

Intensity

Fig. 3. Theoretical intensity profiles of the fringes of a stacking
fault in aluminum-7% copper alloy using the two-beam approxi-
mation of electron diffraction theory. The accelerating voltage
is 100 kV. Thin full, dotted and thick full curves represent the
bright-field, dark-field and multi-beam images formed with 000
and 220 reflections. Note the appearance of the symmetry, asym-
metry and fringe anomaly in the bright-field, dark-field and
multi-beam images. The thickness is 7-25&,5. €230 at 100kV is
416 A. Absorption distance £53y/ £230 = 0075, £, = &450. (a) a =
2w/3, (b) a=-2m/3.
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g. In the conventional method, the top and bottom
ends of the fault are determined by comparing the
bright- and dark-field images (Hashimoto, Howie &
Whelan, 1962). However, in the multi-beam images
the top end always shows higher fringe contrast than
the bottom end, as shown in Fig. 3, and thus it is easy
to determine the nature of the inclination. Therefore,
the nature of stacking faults can be determined from
only one multi-beam image and corresponding elec-
tron diffraction pattern. The discrimination of the
black-and-white nature of the fringe at the ends of
stacking fault becomes increasingly more difficult as
the specimen thickness increases. This is because in
thick regions bright-field and dark-field images show
similar contrast owing to electron absorption effects.
However, in the multi-beam image from the same
region, the black-and-white nature can be determined
more easily at the top end and, moreover, the asym-
metry of fringe contrast appearing at the top and
bottom ends can be seen more easily than in ordinary
bright-field and dark-field images. Thus, the nature
of a stacking fault in a very thick crystal such as
twenty times £,3, can only be determined from the
images photographed by the MBI method. Intensity
profiles of stacking-fault fringes formed by the illumi-
nation of 1MeV electrons are also calculated by
assuming nine beams, such as 880, ..., 220, 000, 220,

. and 880, excited in the 220 Bragg reflecting
condition and three waves, such as 220, 000 and 220,
contribute to the image. The calculation suggests that
the intensity of 220 reflection is negligibly small and
the multi-beam image formed by 220, 000 and 220
reflections is almost equivalent to the image formed
using 000 and 220 reflections.

3.3. Screw dislocations

Theoretical intensity profiles of the 1 MeV electron-
microscope images of a gold crystal with a thickness
of ten times &;;, (&1, =270A) containing a screw
dislocation that is parallel to the crystal surface and
located in the center of the crystal have been calcu-
lated and are shown in Fig. 4. In Figs. 4(a) and (b),
electrons are incident on a gold crystal in 111 sym-
metry and Bragg positions respectively. The intensity
profiles of 000 bright-field, 111 dark-field and (000+
111) and (111+000+111) multi-beam images are
shown._In the calculation, seven systematic reflec-
tions, 333, 222, 111, 000, 111, 222 and 333, are
assumed to be excited. In the images of dislocations
taken by the MBI method in the symmetry position
shown in Fig. 4(a), brightness and sharpness are
much more predominant than those taken by bright-
field or dark-field images and, moreover, the intensity
minimum appears at the position of the dislocation
core. In Fig. 4(b), for Bragg conditions the dark
contrast is asymmetrical when the center does not
agree with the dislocation-core position as given by
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two types of MBI conditions, (111+000+111) and
(000+111), where the brightness and fringe contrast
are twice those of bright-field and dark-field images.

In Fig. 5, two-dimensional intensity distribution of
the images of bright-field, dark-field and multi-beam
images of aluminum in the 111 Bragg reflecting posi-
tion are shown. The upper and lower sides of the
dislocation images correspond to the ends near the
top and bottom faces of the crystal, respectively. The
images of the inclined screw dislocation show zigzag
contrast and are symmetrical to the center of the
dislocation in the bright-field image but asymmetrical
in the dark-field image. In the multi-beam image, a
very well defined zigzag contrast appears at the region
of the dislocation close to the top surface and becomes
gradually weaker close to the bottom face of the
crystal and then becomes a faint dark line at the

(177) +(000) +{111)
.1/
-10

1.0

1 MeV 7 beams Au

(symmetry position)

4.

@ 104,
—_—

S PR

10 & (270 A)
(a)

dislocation (111}

(177} +(000) +(111)

(000) +(111)

(111) DF.

—

-1-0 0 10 &, (270 A)
(b)

Fig. 4. Theoretical intensity profiles of a screw dislocation located
in the center of a gold crystal of 10¢,,, (&,,, =270 A) parallel
to the 111 crystal surface. Thin full line, dotted line and thick
full line are the profiles of the bright-field, dark-field and multi-
beam images of a screw dislocation parallel to the crystal surface,
respectively. Electron beams are incident on the crystal (a) in
symmetry position and (b) in 111 Bragg reflecting position.
Brightness of the multi-beam image is higher than the single-
beam images and a dark line appears exactly at the core of the
dislocation in (a) but slightly deviated in (b).

MULTI-BEAM IMAGING

bottom face. The faint dark line appears exactly at
the core of the dislocation. Thus, the MBI method is
quite useful in identifying the position of dislocation
near surfaces and the position of the core of disloca-
tions in thick crystals.

4. Observations and discussions

The bright-field, dark-field and multi-beam images
have been photographed by JEW 1 MeV electron
microscopes in the Japan Atomic Energy Research
Institute and in the JEOL Research Laboratory for a
wedge-shaped bent crystal and for crystals containing
a stacking fault and dislocations inclined to the sur-
faces of the specimen crystals.

Figs. 6(a) and (b) are the 1 MeV electron-micro-
scope images of a wedge-shaped bent aluminium
crystal in 110 orientation photographed in bright field
and by the MBI method using three waves of 000,
111 and 111 reflections. The top and bottom figures
are from the thick and thin regions of the crystals. In
the center of Fig. 6(a), strong contrast due to the bent
contours of 111 and 111 reflections can be seen, which
suggests that the crystal thickness increases from the
bottom to the top of the figures. In Fig. 6(b), the bent
contours corresponding to (111) and (111) disappear
and a rather smooth area is seen. The dislocations in
the central region, which cannot be observed in (a),
can be seen clearly in (b) especially in the bottom
figure.

Fig. 7 is the image of aluminum-7% copper alloy
in 110 orientation containing an inclined stacking
fault. The images were photographed at 1 MeV in
exact 220 Bragg reflecting condition. The number of
fringes suggests that the thickness of the crystal is

BF DF
-05 0 0-5

MBI

(a) (b) (c)

Fig. 5. Two-dimensional intensity distribution of the images of a
screw dislocation inclined to the aluminum crystal of thickness
6£,1, (£ =955A). 1 MeV, 111 Bragg position. (a) Bright-field
image, (b) dark-field image corresponding to 111 reflections and
(¢) multi-beam images formed by using 000, 111, 111 reflections.
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about 1-5 pm, Figs. 7(a), (b) and (¢) are the bright-
field, dark-field and multi-beam images formed by
using 000, 220 and 000+ 220 reflections, respectively.
Since the crystal is very thick, it is rather difficult to

(h)

Fig. 6. Electron-microscope images of wedge-shaped aluminum
crystal in 110 orientation. Top and bottom are the images of
thick (14-17&,,,) and thin (0-8£,,,) regions. (a) Conventional
bright-field images. (b} Multi-beam images formed by 000, 111
and 111 waves. 1 MeV. Dislocations can be seen more clearly
in the multi-beam image in (b).

345

discriminate between the bright-field and dark-field
images and also to find the nature of the fringe con-
trast, bright or dark, appearing at the edges of the
fault in the bright-field and dark-field images.
However, in the multi-beam image in Fig. 7(¢), it can
be seen that the fringe contrast at the edge of the
fault on the right is bright and the edge on the left is
at the bottom surface. Thus by taking into account
the sign (direction) of 111 Bragg reflection, it can be
determined that this stacking fault is the intrinsic type.

Fig. 8 is the image of an aluminum crystal in 110
orientation of 2-5 pm thickness and photographed at
1 MeV. Figs. 8(a), (b), (¢) and (d) are the bright-field
image, dark-field image of 111 reflection, dark-field
image formed by setting the objective aperture in the
background of the diffraction pattern and the multi-
beam image formed by using 111, 000 and 111 reflec-
tions. It is seen that the ends of the dislocations
marked by T and B show different contrast in each
image. In Figs. 8(a) and (b), both T and B show
zigzag contrast. The mode of zigzag contrast in the
region T is the same for both bright-field and dark-
field images but asymmetric in the region B. By study-
ing this difference, it is seen that the regions T and
B are near the top and bottom surfaces, respectively.
In Fig. 8(c), the dark-field image formed by the elec-
trons appearing in the background of the diffraction
pattern only, the regions T and B show zigzag con-
trast. In Fig. 8(d), which is the multi-beam image,
the region T shows zigzag contrast but the region B
shows smooth line contrast. Therefore, it is clear that
the top and bottom ends of the dislocations in a very
thick crystal can be determined from only one image
taken by the MBI method. Using the MBI method,
as can be seen in Figs. 8(c¢) and (d), the inelastically
scattered electrons appearing in the background of
the diffraction pattern have contributed to the image
contrast. Therefore, the image taken by the MBI
method is brighter than the sum of the bright- and
dark-field images. The brightness of the images taken
by the MBI method has been studied by changing
the thickness of the specimen and the size of the

(a) (b) (e)

Fig. 7. Fringes appearing at the inclined stacking fault in
aluminum-7% copper alloy. The crystal is in exact 220 Bragg
reflecting position. (a), (b) and (c) are the bright-field, 220
dark-field and multi-beam images formed by 000 and 220 reflec-
tions. Note also no [ringe on the left and bright fringe on the
right in (c).
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1al

(h)

(d)

Fig. 8. Electron-microscope images of dislocations in a thick
aluminum crystal. (a), (b) Conventional bright-field and 111
dark-field images respectively. (¢) Dark-field image formed by
the electrons scattered to the background of the diffraction
pattern. (d) Multi-beam image formed by 000, 111 and 111
waves. T and B in the figures show the positions of dislocations
near the top and bottom surfaces. Note also that the zigzag
structure of the dislocation image at B in (a), (b) and (c)
becomes a smooth line in (d).

MULTI-BEAM IMAGING

Table 1. Relative exposure time giving the same dark-
ness in the photographic emulsion

Aperture large medium small
120 pm 60 um 15 wm
Thickness
Z, (500 A) 0-7 2 23
Z5(0°5 pm) 2 5 13
Z (1 pm) 5 13 40
Z,(1-5 um) 85 30
objective aperture. Table 1 shows the relative

exposure time for gold crystals that give the same
dark level on the photographic emulsion. As can be
seen in Table 1, with increasing the thickness of the
crystal, the exposure time for taking the multi-beam
image rapidly becomes smaller than that of the con-
ventional single-beam images. This is due to the
increase in inelastically scattered electrons in a thick
crystal. Since the inelastically scattered electrons are
coherent to themselves, they can contribute to an
image contrast, such as dislocations. However, the
wavelength of the inelastically scattered electrons is
different and the chromatic defocus value is also
different, and thus the inelastically scattered electrons
disturb the contrast of the images with very fine
structure such as crystal-lattice images but contribute
to the contrast of the images with rather large structure
such as stacking-fault fringes and dislocation images.

The authors would like to thank Dr K. Shiraishi
of the Japan Atomic Energy Research Institute and
Dr K. Nishizawa of JEOL (at present at the University
of Tokyo) for their experimental collaboration and
Dr C. A. English for his critical reading of the manu-
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puter in the Data Processing Center of Kyoto Uni-
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Abstract

An increase in the electron density in the binding
region is often assumed to be essential to the stability
of the nuclei in chemical bonds. This is not justified
by the theorem on which the assumption is based,
which demands only that there be electron density in
the binding region. In its simplest form the theorem
places few constraints on the deformation density,
which differs markedly in character for different
molecules. To understand the various ways of achiev-
ing stability of the nuclei it is necessary to study both
the size and the location-of features in the deformation
density. The effect on binding is large only for features
close to the nuclei.

Introduction

A number of careful experimental determinations of
the electron distribution in crystals via X-ray diffrac-
tion have now been described. It is hoped that analysis
of the electron density, p(r), will clarify the nature
of chemical bonding in each specific crystal or
molecule, and perhaps provide new insight into
chemical bonding in general. The most common
method of analysis is in terms of a deformation
density, Ap(r), obtained by subtracting from p(r) the
electron density derived from a model of non-inter-
acting spherical ground-state atoms. This reference
model is termed the promolecule, or independent
atom model (IAM).

There is a widespread misconception that Ap(r) is
necessarily positive (i.e. that there should be a sig-
nificant peak) between the nuclei of bonded atoms,
with the magnitude of this increase in density being
directly related to the covalent/ionic character of the
bond. Experimental and theoretical Ap(r) maps that
do not display the expected features have often been
greeted with surprise.
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This situation is the result of several factors, not
the least of which is a preoccupation with positive
features in Ap maps and almost total neglect of the
negative features. The chemical literature abounds
with statements that lend support to the expectation
that Ap(r) should display substantial positive peaks
between the nuclei. Some of these derive from the
argument that H, and H; are paradigms of the
covalent bond, while others arise from a misuse of a
theorem by Berlin (1951) on chemical binding. When
correctly applied, the theorem explains why 4p does
not necessarily increase between the nuclei.

In this work we seek to clarify the relationship
between electron density functions (both p and Ap)
and the electrostatic binding of atomic nuclei. We
begin with examples of recent analyses of Ap maps,
giving a representative sample of views on the subject,
from both experimental and theoretical work. We
then discuss the consequences of Berlin’s theorem
and its misuse.

Basic concepts

The deformation density discussed in this work is
obtained by subtracting from p(r) a reference model
of non-interacting spherically averaged ground-state
atoms, This is almost exclusively used in experimental
analyses of electron density distributions, and is also
commonly applied in theoretical studies. An alterna-
tive reference model consisting of the atomic states
that correctly describe the dissociated atoms with no
interactions has been applied by Bader and coworkers
(see Bader, 1981, and references therein) to diatomics
and to polyatomics of high symmetry. The use of such
a reference model for large polyatomic molecules
with low symmetry is difficult. The IAM or pro-
molecule based on spherical atoms can be applied to
molecules and crystals quite generally. Other argu-
ments in its favour are given by Ransil & Sinai (1972).
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